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SUMMARY
Forcefieldscomputeddirectlyfromstrainscalculatedinadisplacementtypefinite lementdescriptionf
a structuralelementof varyingsectionalrigiditiesshowextraneousoscillations.The originof these
oscillationsis tracedto thefactthat thedisplacementtypefiniteelementproceduredeterminesstrains
derivedfromthedisplacementfieldin aleastsquarescorrectsenseandthatforceresultantscomputedusing
thesestrainfieldsand theactualsectionalrigiditiesresultin unwantedoscillations.It is necessaryto
introducetheconceptofredistributedassumedforceresultantfieldsthatmaintaina'consistent'relationship
tothestrainfieldsandalsoareorthogonaltothesestrainfunctions.In thispaper,theHu-Washizutheorem
isinvokedtojustifytheintroductionofanorthogonallycorrectreconstitutedassumedforceresultantfield
whichwillthenbefreeofextraneousoscillations.Thequadraticsoparametrictaperedbarelementservesto
illustratetheunderlyingprinciples.
It followsthatthe extremelygeneralHu-Washizuprincipleis the mostpracticalprocedureof imple-
mentinganassumedforceresultant,assumedstraindisplacementtypeformulationtointroduceconsistency
andtherebyremoveproblemsassociatedwithfield-inconsistency(suchascauselockingin constrained
mediaelasticity)and forceresultantoscillationsdueto varyingsectionalproperties.
INTRODUCTION
Conventionaldisplacementtypeformulationsu ingexactintegrationorallstrainenergiesbased
onstrainsderiveddirectlyfromkinematicallyadmissibledisplacementfieldsleadto thephenom-
enonof lockingand stressoscillationsin problemswhereconstrainedmulti-strainfieldsare
present.!Manyad hocpractices,e.g.reducedintegration,additionofbubblemodes,assumed
strainmethods,modedecomposition,etc.,alleviatethisproblem.Recently,avariationalbasisfor.
suchprocedureshasemerged.2- 5 .
Prathap6showedthatthevariationallycorrectwaytoformulatetheclassofconstrainedmedia
problemsothatlocking,poorconvergenceandstressoscillationsduetofield-inconsistencyare
removedis to identifythetermsof theassumedstrainfieldso thatonlyconsistentermsare
retainedandto determinetheconstantsassociatedwiththesetermsin the'assumed'strainfield
fromtheconstantsin thestrainfieldderivedirectlyfromthedisplacementfieldsusingan
orthogonalityconditionthatemergesfromthe Hellinger-Reissnerformulation.This derived
assumedstrainfieldcanbeintroduced irectlyintothevariationalindicatorfor theminimum
totalpotentialprincipleandan integrationof theenergiesbasedon thesestrainswill yield
stiffnessmatricesthatarefreeof all field-inconsistencies.
In thispaper,weareinterestedina relatedthemepertainingto theevaluationof forceorstress
resultantfieldsfroma displacementtypeformulationwheretherigiditiesvaryovertheelement
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volume.Weshallusetheverysimplexampleofataperedquadraticharelementtoshowthat he
directuseofstrainsderivedfromdisplacementfieldsleadstoextraneousoscillationsin thefinal
computedstressor forceresultantfields.Weshowthatthereis a 'consistent'levelup towhich
forcefieldscanberepresentedandthatthestiffnessmatrixobtainedby thecongruentrans-
formationscanreflectenergiesonlyfromthis'consistent'partof thedescription.Therefore,the
directmultiplicationof varyingsectionalrigiditieswithkinematicallyderivedstrainfieldsretains
higherorder'inconsistent'ermswhichdonotcontributetothestiffnessmatrixbutgetreflected
asextraneousforceoscillationsif forcesarecomputedfromthis.The Hu-Washizutheorem
providesthevariationaljustificationfor reconstitutingthe'consistent'assumedforceresultant
fieldfromthe'inconsistent'kinematicallyderivedforcefield.A simple deviceofexpansionofthe
latterby Legendrepolynomialsandsuitabletruncationyieldsa 'consistent'representationthat
satisfiestheorthogonalityconditionimposedby theHu-Washizutheorem.
Thesimplexampleofataperedquadraticsoparametricbarelementallowserrorestimatesto
bemadewhichcanbeverifiedbynumericalexercises.Theseconfirmtheargumentspresentedin
thispaperrelatingto theneedto representforcefieldsinaconsistentmannersothatextraneous
forceoscillationscan beeliminated.Thesefindingswill haveimportantextensionsto tapered
plateandshellformulations.
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TAPERED QUADRATIC ISOPARAMETRIC BAR ELEMENT-FORMULATION
Minimumtotalpotentialenergyprinciple
In a formulationbasedontheminimumtotalpotentialenergyprinciple,thestiffnessmatrixis
derivedfroma variationalindicatorwrittenas
IT= 1/2fNTt:dx- W
wheret:=du/dx is the axialstrain,N = EA(x)t:is thekinematicallyconstitutedaxialforce,
W = Jpudxis thepotentialofexternalforces,u theaxialdisplacement,p thedistributedaxial
load,E Young'smodulusofelasticityandA(x)isthevaryingcross-sectionalarea.
In aquadraticelementoflength21withthemid-nodeexactlyatthemid-pointoftheelement,
thefollowinginterpolationscanbemadeintermsofnodalvaluesof x,uandA:
x=xz+(x3-xd/2~
u= UZ+(U3-u1)/2~+(ul-2uz+U3)/2~z
A = Az+(A3-A1)/2 ~+(AI-2A.z+A3)/2 ~z
Weshallnowexaminehowthecongruentransformationimpliedby NTt:anditsintegrationover
theelementvolumetakesplace.We computethekinematicallyderivedEandN as
E= (U3- ul)/21 +(Ul - 2uz +u3)/1~
N=EAt:
=N1+Nz~+N3(1- 3~Z)+N4(3~- 5C)
where
N1 =E[Az(U3-ud/21+(A3 -Ad/6 (ul-2uz+u3)/1
+(Al-2Az +A3)/6(U3-ul)/21] (4a)
(1)
(2)
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N2= E[A2(u\-2u2+u3)/I+(A3-A\)/2 (u3-u\)/21
+3(A\-2A2+A3)/10(U\-2U2+u3)/IJ
N3= -E[(A3-A1}/2 (u\-2u2+u3)/1
(4b)
+(A\-2A2+A3)/2(u3-ud!21]/3
N4= - E[(A\-2A2+A3)/2(u\-2U2+u3)/IJ/5
(4c)
(4d)
andwherewe havecarefullyexpandedthe axial forceresultantin termsof theLegendre
polynomialformsforreasonswhichwill becometransparentsoon.
Thestrainenergyofdeformationisthenexpressedas
U = 1/2J NTedx
OwingtotheorthogonalnatureoftheLegendrepolynomialsit emergesthatN3andN4will not
contributeto theenergyand thereforenot to thestiffnessmatrix!Thus,
U = [N\(U3- u\)/21+N2/3(Ul- 2uz+u3)/IJI
Here,weseeclearlyapointertohowthe'consistent'representationoftheforcefielddenotedby
Nmustbemade-it shouldcompriseonlythetermsthatwillcontributetothestiffnessandstrain
energyandthesimplestwaytodothiswastoexpandthekinematicallydeterminedN intermsof
Legendrepolynomials,retainingonlytermsthatwillmeaningfullycontributetotheenergyin
NTe.Thus,N mustbe'consistent'withe,i.e.in thiscase,retainonlyupto linearterms,i.e.
N= N 1 +N2~ (5)
If thisrulehadnotbeenobserved,thentheforcefieldcomputeddirectlyusingaxialdisplace-
mentsobtainedinafiniteelementsolutionwillhavextraneousforceoscillationsduetotheN3
andN4 termsdescribedinequations(3)and(4c)and(4d)!Toseethevariationalbasisforthe
novelprocedureadoptedsofar,weshallintroducetheformulationofthisproblemaccordingto
theHu-Washizuprinciple.
Hu-Washizuprinciple
In formingtheHu-Washizufunctionalforthetotalpotential,anasyetundeterminedassumed
forcefunctionN is introduced,buttheassumedstrainfieldjXcan besafelyretainedasewithout
anylossof flexibilityin this instance(notethat,in a constrainedmediaproblem,6it will be
requiredto introduceafield-consistentjX hatwill bedifferentfromthekinematicallyderivedand
thereforeusuallyfield-inconsistente).Thevariationalindicatornowbecomes
n = J {l/2(EA8)TjX+N(e- n}dx- W (6)
AvariationoftheHu-Washizuenergyfunctionalwithrespecttothekinematicallyadmissible
degreeoffreedomugivestheequilibriumequation
J ou'(dNIdx - p}dx~0
(7)
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Variationwith respectto theassumedstrainfieldf:givesriseto a constitutiverelation
fM.{- N+EM}dx= 0
andvariationwithrespectto theassumedforcefieldIV givesrisetothecondition
(8)
'f
f,N. {(;- e}dx= 0
Weobservethatequations(8)and(9)arecuriousorthogonalityconditions.If if istakento be
identicalto (;,equation(9)is identicallysatisfied.Wenowturnourattentionto equation(8).We
notethatthiscanberewrittenas
(9)
fJif.{- N+N}dx= 0 (10)
",
:f~
If N isexpandedintermsofLegendrepolynomials,itcanbeprovedthatN, whichis'consistent'
andorthogonallysatisfiesquation(10),is obtainedverysimplybyretainingalltheLegendre
polynomialtermsthatare'consistent'with8, i.e.asshownin equation(5).Thustheprocedure
adoptedhasa variationaljustificationaccordingtotheHu-Washizuprinciple.
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Weshallperformcomputationalexerciseswith twoversionsof theelement:
HARlO is theconventionalelementusingN forstiffnessmatrixevaluationandrecoveryof
theforceresultant;
BARll is the'consistent'elementusingN forstiffnessmatrixevaluationandrecoveryof
theforceresultant.
Notethat,in bothcases,thestiffnessmatricesandcomputeddisplacementsareidentical.
Thenumericalexperimentswillbebasedonasinglelementrepresentationofaquadraticbar.
Figure1showsataperedbarclampedatnode1andsubjectedtoanaxialforceP atnode1 The
taperisdefinedbytheparameters
a= (A3 - AI)/2Az and p =(AI - 2Az +A3)/2Az
It ispossiblenowtoanalyticallysimulatea singlelementfiniteelementcomputationf this
problembyidentifyinggeneralizeddisplacementparameters
at=(U3- uI)/21
az = (Ut - 2uz+u3)/1
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FORCE RESULTANTS IN ELEMENTS WITH VARYING SECTIONS
and,notingthatUt =0,onecanestablisht ~t
779
(l +3P15)
at =(PI EA) (1+3N5)(1+ fJ13)- c:.2j3
-a
a2= (P lEA) (I +3P15)(1+ Pl3)- a2/3
Substitutingintoequation(3),oneobtains
(PO + 3{/15)- (2)
N =P- P13(1 - 3e)(1 +3PI5)(l+P13)- a2/3
(- CtP)
- PI5(3~- 5e)(l +3P15)(1+P/3) - a2/3 (11)
Theconstantandlinearcomponents(i.e.Nt =P andN2 =0)arecorrectlyrecovered.However,
therearenoticeablequadraticandcubicoscillationsfor ageneralquadratictaper(i.e.a#0and
P #0)if forceresultantsarecomputed irectlyfromequation(3).However,the'consistent'force
resultantfieldyieldsthecorrectforces.
Casea-Linearlytaperedsinglecantileverbarelement
Weshallverifytheabovemodelby comparisonwiththeactualfiniteelementresultsfrom
acomputationalexerciseusingthetwoversionsdescribedabovefora barwithcrosssection
taperinglinearlyfromtherootto thetip.Thusa variesfrom0to - 1.0whilep== O.Figure2
- EOUATION(II)
0 FEM BAR3-0
20 -- - EXACT
+ FE M BAR 3-1
a.
"-
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!
Figure2. Axialforcepatternfor linearlytaperedbar withIX = 0.9802(A3=O'OIAI)
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showstheaxialforcepatternsobtainedfromthefiniteelementdigitalcomputationforIcasewith
'J.= - 0,9802,andtheseareseentocoincidewiththeanalyticallydeducedexpressIOngivenin
equation(11).
Figure3 illustratesthemannerin whichthemagnitudeof thequadraticosciilationsin the
kinematicallyderivedforceresuitantfieldsvarieswithtaper.Thetaperis nowdescribedin ihe
fractionalsenseasA*= (A I - A3)/AI' If N* = (N' - P)/P, whereN' isthevalueat~=0,then
fromequation(11),withP = 0,weget
N* = (12/(3- '1.2) (12)
Thefigurecomparesthisanalyticallysimulatedrelationshipwiththatobtainedfromthefinite
elementdigitalcomputations.Theagreementis seento beverygood.
Caseb-Linear andquadraticallyvaryingtapergivingriseto cubicforceoscillations
WechooseacasewherePO+3P/5)= (12bycomputingthecross-sectionalreasnecessaryfor
thisas '1.=- 1.0639411and p=0.7732352.Fromequation(11)weseethatthequadratic
oscillationsdisappear,leavingbehindthe cubicoscillations.A finiteelementcomputationis
performedwithasingleelementcantileverbar witha tip forceP andtheresultsarepresentedin
Figure4.The finiteelementresultsagreeexactlywiththosecomputedfromequation(11)based
ontheanalyticalsimulationof thepresentproblem.
",
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Casec-Linearandquadraticallyvaryingtapergivingrisetoquadraticandcubicforceoscillations
Weexamineageneralcaseoftaperwith Al = 1'0,A2 = 0,36andA3 = 0,04.Thearearatiosare
'1.=- 4/3andp=4/9.Theanalyticalsimulationpredictsthattheaxialforcecomputedby the
BAR3.0elementwillbe
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N/P = 1+0'4699152(1- 3~2)- 0'13375358(3~- 5~3) (13)
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Figure4. Axialforcepatternforbarwithcombinedlinearandquadratictaper('1=- 1'0639411,P=0,7732352)
Figure5 showstheresultsfromthefiniteelementcomputationsandthosepredictedby
equation(13).Owingto thepresenceof thecubicoscillations,theBarlowpoints(~=:t 1/J3) are
nolongerpointsofaccurateforcerecovery!It isnecessarytoperforma reconstitutionoftheforce
resultantfieldsonaconsistencybasisasisdoneherebeforereliableforcerecoverycanbemade.
CONCLUSIONS
In this paper,wehaveintroducedanothervariationon the'field-consistency'theme.Earlier
studies,reviewedin ReferenceI, showedthatin a classofproblemsrecognisedasconstrained
multi-strain-fieldproblems,acertain'consistency'in thestrain-fieldefinitionswasrequiredso
thatonly 'true'orphysicallyrelevantconstraintsemergedinthepenaltyregimesofconstraining
oftheconcernedstrainfields.It wasseenthattheHellinger-Reissnerprinciple6offereda means
toallowflexibilityin designingtheassumedstrainfieldsuchthatthedesired'consistency'ofthe
strainto displacementrelationshipwasachieved.
The presentstudiesdemonstratethat thereis anotherclassof problems,namelywherethe
sectionalrigiditiesvary, wherea further'consistency'requirement,hat of the constitutive
relationship,comesintoplay.Thereisnowadeterminablestressresultantfieldthatmustsatisfy
a 'consistency'equilibriumwiththestrainfieldderivedusingthegradientoperatorson the
kinematicallyadmissibledisplacementfields.ThemoregeneralHu-Washizutheoremmustnow
beintroducedtoadmitflexibilityofdesignofthe'consistent's ressresultantfield.
We havederiveda rule to constructvariationallyconsistentinterpolationsfor the force
resultantfunctionsfor instanceswheretheelasticmediumtobemodelledbydisplacementtype
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Figure5. Axial forcepatternfor bar withcombinedlinearandquadratictaper(iI= - 4/3, P = 4/9)
finiteelementshasvaryingsectionalrigidities.In suchcases,useofkinematicallycomputedforce
resultantfieldsleadsto additionalspuriousoscillationsin stressrecovery.The Hu-Washizu
principleformsthebasisfortheprocedureadoptedto reconstitutehe'consistent'forceresultant
field fromthat obtainedfrom the kinematicallyadmissibledisplacementfields.A tapered
quadraticisoparametricbarelementisusedto demonstratethebasicprinciplesinvolved.
Thefindingshaveanimportantbearingontheperformancein thepredictionofforceandstress
resultantsof structuralelementssuchastaperedcurvedbeams,platesandshells,andworkon
theseis underwayandwillbereportedseparately.
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